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Abstract

We give an alternative proof of the Bernstein inequalities and the Szeg6 inequalities for trigonometric
polynomials or polynomials. Later, we show that the #” polarization constant ¢(n#,H) of the Hilbert
space H equals 1.
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1 Introduction

Let T:R — C be a trigonometric polynomial 7(0) = Z(ak coskO+ B, sink0) of degree n with complex coefficients
k=0
04,3, € C. Let T’ be the derivative of T. Then, the following estimate is called the Bernstein inequality (cf. [1]):

| T7(6) |< % max |T(6)] for 6 e R.
0¢€l0,2x]

For a trigonometric polynomial 7'(0) = Z(ak coskO+b, sink@) with real coefficients a,,b, € R, the following
k=0
estimate is called the Szego inequality (cf. [6]):

[T(©) + { '(9)} (max |T(9)|) for all 6  R.

In the present paper, we show the Bernstein inequality and the Szeg6 inequality for a trigonometric polynomial
using Lagrange’s interpolation polynomial. By using this result, we show the Bernstein inequalities for a polynomial
on a Hilbert space. Moreover, we have that the #” polarization constant ¢(n,H) of the Hilbert space H equals 1.

2 Preliminaries

Let P:C — C be a polynomial of degree < n. We take distinct points ¢},...,¢,,; € C. If there exist z; e C such that
P(z;)={, forj=1,..., n + 1, then Pis unique with degree ». In fact, the unique polynomial is given by

o 54®@)
e Z(z 2;)4'(2;)’ @D

n+1

where ¢(z) = H(z =¢;)=(2-{;)x---x(2=C,,1). Then the polynomial P(z) is called Lagrange’s interpolation polyno-
j=1

mial and the points {;,...,{,,; are called the interpolation nodes.
Let f:C — C be a continuous function with distinct points f(z) forj=1,...,n + 1. Then the polynomial
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& f(z)q(2)
P2)=3 — .

Z{ (2-2;)q'(z;) @2
is called Lagrange’s interpolation polynomial for f with nodes at zi,..., 2,,4.

Using Lagrange’s interpolation polynomial, we obtain the following proposition for trigonometric polynomials.

Proposition 2.1. Let T(6) = Z((xk coskO+ f3, sinkb) be a trigonometric polynomial of degree n with complex coeffi-
k=0

27-1

cients oy, 3, € C. We put 0; = nforj=12,....2n. Then
n

T LSy v Il
"0) = — 0+6.)—~2 feR.
®) 2 g{ ( ])1—0059]. for all 6 < @3)
, 22k +1 . -2
Proof. We put z =¢" and F(z) = 2"T(6). Since cos k6 = e and sin k6 = o 7, we have
z z

Fz)= i%{ak @+ D2 +iB,(1-2")2" ).
k=0

Then F(2) is a polynomial of degree 2.
F({z)-F({)
1

We set Gg (2)=
z —

for ze C, { € C. We may assume { = 0. Then Gg(z) is a polynomial of degree

(2n—1) with respect to z. We set z; = "% for 7=1,2,...,2n. Since Lagrange’s interpolation polynomial for GC (z) with
nodes at z;,...,2,, is unique, using (2.2), we have

2 Gy(2;)q(2)
G ()= " 2.4)
: Z{(Z—zj)q (z;)
2n
Let q(z) = [[(2-2;)=2"" +1. Then q'(z;) = _Z_n. So we obtain
j=1 Z;
_12n B )=F 2n
6=ty Fea) O 241, 2.5)
2ni3 z; -1 z2-2z;
From (2.5) and Gg(l) =({F’({), we have
1 & 2z; F)Z 2
(FQ)=o- Y F(z)——I— - f
2 216 (-2, 2n ].221(1—4.)2 @6)
for { e C\{0}. Especially, in case T(0) = cos#6+isin#6, we consider F(z) = 2%". Then, from (2.6),
2nc2n _ l% 2n 520 2‘zf _Q% 221 ]
2nim” 7 A-z) 2n 5 (1-g,)
Si 2" : S dz? =1f i=1,...,2n, we h
ince (l—zj)z 1_e® Y o 240 cos6, -1 and z7" = -1 for every j =1,...,2n, we have
-1 2n 27. -1 2n 1
2% 2n=_ 2n P 2n - -
¢ n ¢ ]-z:‘{(l—z].)2 n ¢ g;cosej—l
Hence
2n 22. 2n 1
—2n% = I = )
jz:‘{(l—zj)2 Z{cos@i -1 @n
From (2.6) and (2.7), we have
Q=13 PR Q)
= — 2 : +n .
% e 7 (1_zj )2 (28)
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Therefore

- 9)={F(.e’9)} __ F@) i F&) i 22 Fe2)— 2

(eze )n (eza )n+1 (eze )n 21’!((316 )n o ] (1_2,]_ )2 :
So we have (2.3). since we have for every j=1,2,...,2x,

F(e2;) = F(™) = ("Y' T(0+6;) = e * "T(6+6,) = €"i(~1) " T(0+6;)

3 Inequalities for a trigonometric polynomial
We give the Bernstein inequality for a trigonometric polynomial by Proposition 2.1 without integration.
Theorem 3.1. For a trigonometric polynomial T(0) = i(ak cos kO + B, sinkO) of degree n with complex coefficients
0y, B, €C. If oi%a%r ] | T(6)| <1, then the following estimaktzeoholds:
| T'O)|<n  for OeR.

Proof. Since the period of | 7(0) | and | 77(8) | is 27, by Proposition 2.1, we obtain

1 7°(0)| < max |T7(6)| = 12z"T(e e)ﬂ

0e [02 112n 1-cos6;
1 1 LU |
( 0 =5 max |T(0) Y .
2m 0<l0.2m) 4= 1-cosf; 2n6el02r] io1—coso,
where ;= 2 _17r for 7=1,2,...,2n.
2n
Using (2.7), we obtain | 77(6) | < n for 6 e R. []

For a trigonometric polynomial 7(8) = Z(w cos /O +b; sin j0) of degree n with real coefficients a;,b; € R, we
d*T 7=0
denote 7 (9) = 10 (9) Using Theorem 4.1, we show the following lemma.

Lemma 3.2. Let T(0) be a trigonometric polynomial of degree n with real coefficients and Grr[loagc] | T(0)| < 1. If there
exists a natural number ky € N such that '

2

2
{i T”@oke)} + {L T“’o*”(e)} <1 forall 6eR,
nko nk0+1

then
2

2
{L T%-D(e)} N {i T(ko)(e)} <1 forall 6cR.
nko*l nko

Proof. By Theorem 3.1, we have the estimate

‘ik T®(0)<1 (3.9)
n

2 2
for all ke N and all 8 € R. We set F(0) = {% T"%”(e)} + {%T(%)(G)} . Then,
n n

F(0)= 2T(k0)(9){ 5 T%" 1>(9)+ T%“)(e)} (3.10)
We assume that F(6,) is the maximum value of F on the closed interval [0,27]. Then 7(6,) = 0. It follows from
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this and (3.10), that we consider the following two cases.
1. In case that 7% (6,) = 0.

1
Since —— | 7% (6,)| <1 from (3.9), we have

2
F(6)< {# T, )} + {,%ko 7, >}

2

2
< {LT%-D(%)} <1 foralloeR.
nho1

1

2. In case that T“*o—“(eo) = ——ZT(""”’D(B0 ).
n

1 1 ’
F(o)< {W T“r“(%)} + {n—koT%)(eo)}

2 2
1 1
S{WT(’%H)(%)} +{n—k0T("°)(90)} <1 forall@eR.

This completes the proof. L]
Now we give an alternative proof of the Szeg6 inequality for a trigonometric polynomial.

Theorem 3.3. Let T(0) = Z(aj cos jO+b; sin j0) be a trigonometric polynomial of degree n with real coefficients
7=0
a;,b; eR.If max |T(0)|<1, then
0€[0,2r]

2
[T} + {%T’(e)} <1 forall 6<R. 3.11)

Proof. We can calculate the derivative of T

1 1 . k .. k
FT(k)(e) = _kz]k {a]- cos(;@+%)+bj s1n(]9+%]}

n =1

j=
n—-1
= (i) {ajcos(j0+n—k)+bjsin(j9+”—k]}
on 2 2

+a, cos(n9+%k)+bn sin(n9+%k), (3.12)

1 ST Al o a(k+1) (.. m(k+1)
FTUH—D(Q): IZ{(;) a; COS ]9+T +bj Sin ]6+T
-a, sin(n0+%k)+bn cos(%0+%k).

Since A <1for j=1,...,n—1, for arbitrary ¢ > 0, there exists a natural number %, € N such that
n

n=1/ +\k
(ij (a; |+]b;D<e fork> k. (3.13)
j=1\"
So we have
n-1 k
(i) {aj cos(j9+”—k]+bj Sin(j9+ ﬂ—k)} <€ (3.14)
o\n 2 2
and
n—1/7 +\k+1
(i) {aj cos(j9+ ﬂ(k+1))+bj sin(j0+ ”UHD)} <&
a\n 2 2
Therefore
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T®O) < e+

nk

‘ 1

a, cos n9+ﬂ—k +b, sin n0+ﬂ:—k ,
2 2

a, sin n9+n—k -b, cos n9+n—k
2 2

By Theorem 3.1, we have for all ke N and all 6 € R
‘L
nk

1

T(k+1) (9)

< €&+
nk+1

T® ()< 1. (3.15)

From (3.12), we have
a, cos(n@ + %k) +b, sin(n9+ %kJ

:iT(k)(G)—ni / k a; cos ].9+7r_k +b.sin j9+ﬂ—k
n* a\n / 2 / 2 )

It follows from (3.14) and (3.15) that

a, cos(n0+%k)+bn sin(n9+%k) <l+e (0eR)

Then we have

Ja?+b <1+e. (3.16)

Hence, from (3.13) and (3.16),

1 B! ’
{FT(k)(e)} +{FTUHD(6)}
b 18
<{€+|a, cos o+ +b, sin no+ ="
2 2
k Al
+1&+|a, sin n+=" -0, cos n+="
2 2
9 2 2 wk . Tk
=2¢e" +a, +b; +2¢|a, cos n0+7 +b, sin n9+7
a, sin(n9+ %kJ -0, cos(n9+ %k)‘

<28 +(1+e) +4e(1+€)=1+6e+T7¢€.

+2¢

Letting ¢ tend to 0, we obtain
1 E 1 2
T kD)
{nk (9)} {%k” ) (6)} =1

for k> k, and all 6 € R.
Applying Lemma 3.2 inductively, we have (3.11). This completes the proof.

4 Applications of the inequalities

Let P:C — C be a polynomial of degree <z on the complex plane C and P’ be the derivative of P. We set
|| P||=sup|P(z)| and || P’ ||= sup | P’(2) |. Then we show the following inequality called the Bernstein inequality for
|z<1

|z|<1

a polynomial (cf. [1]).
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Theorem 4.1. For a polynomial P :C — C of degree n with complex coefficients, the following estimate holds:
[P <n|l P]|.
Proof. We set T(6) = P(¢"). Then, since T"(8) = P’(¢" )ie®, we have T(6)|=| P’(¢®)|. By Theorem 3.1,

IIPII—Slll_plP(Z)I S[})lg]IP’(eie)l max [T7(0)] < max »|T(©)|=n|| Pl

U]

Let H be a Hilbert space with the inner product ¢:,-). We set EH ={xeH;||x|ly= (x,x)é <1}. Let X be a normed

space with the norm II-llx, : H” — X be a continuous #-linear mapping and p(x) = p(x,x,- -, x) be the corresponding
homogeneous polynomial of degree # for n € N. We define by

Il p1l = sup{l p(x) lly;x € By},
Il 1= suplll pxy, -+, x,) |y ;% € By, i =1,+,m).

Let Dp(x) denote the Fréchet derivative of p at x. Then

d
Dp(x)y =, p(x+1y)

t=0

v v v n . v L f—.//%
for y e H\ {0}. In fact, p(x+2#y) = p(x +ty, -, x +1y) :p(x,...,x)+tnp(x,...,x,y)+Zt]p(x,...,x,y...,y). Hence

Dp(x)y = np(x,...,%,9). 4.17)

We denote by P(" H; X) the space of all homogeneous polynomial of degree n. When X = C, we write P(" H)
in place of P("H; X).

Proposition 4.2. Let H be a complex Hilbert space and X be a complex normed space. For p € P("H; X),

[ Dp||<n|l 2]l
Proof. We put
1 if {(x,y9)=0,
O=1 4B i e 20
[{x, )|

for x,y € H. Since

|| xcos@+iocysinf ||12{= (xcosB+icysinO,xcosO+iocysinb)

2 2
<max{|| % |z, Il ¥ I}

for x,y € By, we have xcos6+icysin6 € By. Then

(-1)F _ED poen :x+i6y0+2ak9k,

xcosO+icysing = xz—GZk z(2k w
k=2

= (2k)!
where a, are some complex numbers.
We take a linear functional ¢: X — C with ||¢|| =1 and put 7,,(0) = ¢ o p(xcosO+icysinh). Then 7, (6) is a
trigonometric polynomial of degree # with complex coefficients and

T,(0)=¢o p(x+icyo+ Zakek)
)
= (poﬁ(x+ic7y9+zakek,-~~,x+i6y9+2ak0k)
k=2 k>2

= @o p(x,+,x) + 10 p(x,--,x,icy) + . b,6",
k=2
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where b, are some complex numbers. Hence

70 =-L1,0) =iongehx,-x,). @.18)
do 00
By Theorem 3.1, (4.17) and (4.18),
o(Dp(x)y)|=n|@o p(x,-,x,9)| =] T;(0)| < nmax | T,0)[<nllpll
By the Hahn-Banach theorem, we can choose ¢ satisfying (p(Dp(x) y) =|| Dp(x)y ||x. Therefore

I Dp(x)ylix<nllpll 4.19)
for x,y € By,. L]

For p e P("H), we set ¢(n, H) = inf{M;|| p|| < M || p || for all p € P(* H)}. This ¢(n, H) is called the #™ polarization
constant of the Hilbert space H and ¢(H) = lim supc(n, H )% is called the polarization constant of the space H. It is
clear that ¢(n, H) > 1, since || p|I < || P |I. o

Using Proposition 4.2, we have the Bernstein inequality for a polynomial and the polarization constant of the
complex Hilbert space H

Theorem 4.3. Let H be a complex Hilbert space and X be a complex normed space. For p € P("H;X),
Ib1=121.
Proof. As in the proof of Proposition 4.2, it follows from (4.7) and (4.19) that

for x,y, € E We fix y, and put p,_;(x) = p(x,--,%,9,). Then we can look upon p, ,(x) as homogeneous polynomial
of degree (n—1) and

Il By 1l = suplll B,y (%, %,9,) | ;2 € By} < I p Il
As in the above, we get || p(%,---, %, Yu1s ¥ xS |l b,y |l. It follows from the above analogue by induction that we have

Il 5, Y5 Mt I xS 1 DI

Hence

Iol<ipl

Corollary 4.4. If H is a complex Hilbert space, then c(n, H) = ¢(H) = 1.

Using the Szego inequality for trigonometric polynomials with real coefficients, we obtain we have the Bern-
stein inequality for a polynomial and the polarization constant of the real Hilbert space H

Proposition 4.5. Let H be a real Hilbert space and X be a real normed space. For p € P("H;X),

I Dpl<nllpll.

Proof. We may assume that || p || = 1 without loss of generality.

We put w= 2" K59

| y—x(x, 9l &

¢: X > Rwith || @] =1 and put 7,,(0) = o p(xcos0+wsin). Then T,,(0) = ¢ o p(x).
As in the proof of Proposition 4.2, 7,/(0) = go(Dp(x)w). From (4.17),

for x,ye B, x#y. Then || xcos@+wsin@||% <1. We take a linear functional
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@(Dp(x)x) = ngo p(x) =nT,(0).

Therefore, by Theorem 3.3,

o (Dp(x)y) = p(Dp(x) (x(x, 3) +w || y — x(x, )11 1))
= (x,)0(Dp(x)x)+ || y— 2(x, 9) | s 0 (Dp(x)w)
=, ymT,(0)+ 1| y—x(x, y) | ; T,,(0)

<924 1y = 22, 9) 1 12T, (0) + T(0
<n.

By the Hahn-Banach theorem, we can choose ¢ satisfying (p(Dp(x) y) = || Dp(x)y || x- Therefore || Dp(x)y || y< | p ||
for x,y € By. []

Theorem 4.6. Let H be a real Hilbert space and X be a real normed space. For p e P("H;X),

I21=121.
Proof. As in the proof of Theorem 4.3, using inductively Proposition 4.5, we show this theorem. L]
Corollary 4.7. If H is a real Hilbert space, then c(n,H)=c(H)=1.
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