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1 Introduction

Let T :� �→  be a trigonometric polynomial T k kk k
k

n

( ) ( cos sin )θ α θ β θ= +
=
∑

0

 of degree n with complex coefficients 

α βk k, ∈. Let T ′ be the derivative of T. Then, the following estimate is called the Bernstein inequality (cf. [1]):

| ( )| max | ( )| .
[ , ]

′ ≤ ∈
∈

T n Tθ θ θ
θ π0 2

 for 

For a trigonometric polynomial T a k b kk k
k

n

( ) ( cos sin )θ θ θ= +
=
∑

0

 with real coefficients a bk k, ∈, the following 

estimate is called the Szegö inequality (cf. [6]):

T
n

T T( ) ( ) max | ( )| .
[ , ]

θ θ θ θ
θ π

{ } + ′







≤ 



 ∈

∈

2
2

0 2

21
 for all 

In the present paper, we show the Bernstein inequality and the Szegö inequality for a trigonometric polynomial 
using Lagrange’s interpolation polynomial. By using this result, we show the Bernstein inequalities for a polynomial 
on a Hilbert space. Moreover, we have that the nth polarization constant c(n,H) of the Hilbert space H equals 1.

2 Preliminaries

Let P : →  be a polynomial of degree ≤ n. We take distinct points ζ ζ1 1, ,… ∈+n  . If there exist z j ∈ such that 
P z j j( ) = ζ  for j = 1, . . . , n + 1, then P is unique with degree n. In fact, the unique polynomial is given by

 P z
q z

z z q z
j

j jj

n

( )
( )

( ) ( )
,=

− ′=

+

∑
ζ

1

1

 (2.1)

where q z z z zj
j

n

n( ) ( ) ( ) ( )= − = − × × −
=

+

+∏ ζ ζ ζ1
1

1

1 . Then the polynomial P(z) is called Lagrange’s interpolation polyno-

mial and the points ζ ζ1 1, ,… +n  are called the interpolation nodes.
Let f : →  be a continuous function with distinct points f(zj) for j = 1, . . . ,n + 1. Then the polynomial
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 P z
f z q z

z z q z
j

j jj

n

( )
( ) ( )

( ) ( )
,=

− ′=

+

∑
1

1

 (2.2)

is called Lagrange’s interpolation polynomial for f with nodes at z1, . . . , zn+1.
Using Lagrange’s interpolation polynomial, we obtain the following proposition for trigonometric polynomials.

Proposition 2.1. Let T k kk k
k

n

( ) ( cos sin )θ α θ β θ= +
=
∑

0
 be a trigonometric polynomial of degree n with complex coeffi-

cients α βk k, ∈. We put θ πj
j
n

=
−2 1

2
 for j = 1,2, . . . ,2n. Then

 ′ = +( ) −
−

∈
=

+

∑T
n

T
j

n

j

j

j

( )
( )

cos
.θ θ θ

θ
θ1

2
1

11

2 1

  for all   (2.3)

Proof. We put z ei= θ and F z z Tn( ) ( )= θ . Since cos k
z

z

k

k
θ =

+2 1
2

 and sin k
z
z

i
k

k
θ =

−1
2

2

, we have

F z z z i z z
k

n

k
k n k

k
k n k( ) { ( ) ( ) }.= + + −

=

− −∑ 1
2

1 1
0

2 2α β

Then F(z) is a polynomial of degree 2n.

We set G z
F z F

zζ
ζ ζ ζ( )

( ) ( )
,=

−
−

∈ ∈
1

for z  . We may assume ζ ≠ 0. Then G zζ( ) is a polynomial of degree 

(2n-1) with respect to z. We set z ej
i j= θ  for j = 1,2, . . . ,2n. Since Lagrange’s interpolation polynomial for G zζ( ) with 

nodes at z z n1 2, ,…  is unique, using (2.2), we have

 G z
G z q z

z z q z
j

j jj

n

ζ
ζ( )
( ) ( )

( ) ( )
.=

− ′=
∑

1

2

 (2.4)

Let q z z z zj
j

n
n( ) ( )= − = +

=
∏

1

2
2 1. Then ′ = −q z

n
zj

j

( )
2

. So we obtain

 G z
n

F z F

z
z
z z

zj

jj

n n

j
jζ

ζ ζ
( )

( ) ( )
.=

− −
−

+
−=

∑1
2 1

1

1

2 2
 (2.5)

From (2.5) and G Fζ ζ ζ( ) ( )1 = ′ , we have

 ζ ζ ζ ζ
′ =

−
−

−= =
∑ ∑F

n
F z

z

z
F

n

z

zj

n

j
j

j

j

jj

n

( ) ( )
( )

( )
( )

1
2

2

1 2
2

11

2

2 2
1

2

 (2.6)

for ζ ∈ \ { }0 . Especially, in case T n i n( ) cos sinθ θ θ= + , we consider F z z n( ) = 2 . Then, from (2.6),

2
1

2
2

1 2
2

1
2 2

1

2
2

2

2

2
1

2

n
n

z
z

z n

z

z
n n

j

n

j
n j

j

n
j

jj

n

ζ ζ ζ
=

−
−

−= =
∑ ∑( ) ( )

.

Since 
2

1
2

1

2

2

1
12 2

z

z
e

e e e
j

j

i

i i i
j

j

j j j( ) ( ) cos−
=

−
=

− +
=

−−

θ

θ θ θ θ  and z j
n2 1= −  for every j n= …1 2, , , we have

2
1 2

1
1 1

1
2 2

2
1

2
2

1

2

n
n

z

z n
n n j

jj

n
n

jj

n

ζ ζ ζ
θ

=
−

−
=

−
−= =

∑ ∑( ) cos
.

Hence

 − =
−

=
−= =

∑ ∑2
2

1
1

1
2

2
1

2

1

2

n
z

z
j

jj

n

jj

n

( ) cos
.

θ  (2.7)

From (2.6) and (2.7), we have

 ζ ζ ζ ζ′ =
−

+
=
∑F

n
F z

z

z
nF

j

n

j
j

j

( ) ( )
( )

( ).
1

2
2

11

2

2  (2.8)
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Therefore

′ =











= − + ′

′

+T
F e
e

n
F e
e

ie
F ei

i n

i

i n
i

i

( )
( )

( )
( )

( )
( )θ

θ

θ

θ

θ
θ

θ

1 (( ) ( )
( )

( )
.

e
ie

i
n e

F e z
z

zi n
i

i n
j

n
i

j
j

j
θ

θ
θ

θ=
−=

∑2

2

11

2

2

So we have (2.3). since we have for every j n= …1 2 2, , , ,

F e z F e e T e e Ti
j

i i i i n
j

in i
j

j j
j

( ) ( ) ( ) ( ) ( )θ θ θ θ θ θ πθ θ θ θ= = + = + =+ + −2 1
2 ee i Tin j

j
θ θ θ( ) ( )− ++1 1

□

3 Inequalities for a trigonometric polynomial

We give the Bernstein inequality for a trigonometric polynomial by Proposition 2.1 without integration.

Theorem 3.1. For a trigonometric polynomial T k kk k
k

n

( ) ( cos sin )θ α θ β θ= +
=
∑

0
 of degree n with complex coefficients 

α βk k, ∈. If max | ( )|
[ , ]θ π

θ
∈

≤
0 2

1T , then the following estimate holds:

| ( )| .′ ≤ ∈T nθ θ  for 

Proof. Since the period of | ( )|T θ  and | ( )|′T θ  is 2π, by Proposition 2.1, we obtain

| ( )| max | ( )| max
( )

[ , ] [ , ]
′ ≤ ′ = +( ) −

∈ ∈ =
∑T T

n
T

j

n

jθ θ θ θ
θ π θ π0 2 0 2 1

21
2

1 jj

j

j
j

n

jn
T

n

+

∈ = ∈

−

≤ +( ) −
=∑

1

0 2 1

2

0

1

1
2

1
1

1
2

cos

max
cos

max
[ , ] [

θ

θ θ
θθ π θ ,, ] cos

,
2 1

2 1
1π

θ
θ

T
jj

n

( )
−=

∑
where θ πj

j
n

=
−2 1

2
 for j n= …1 2 2, , , .

Using (2.7), we obtain | ( )|′ ≤T nθ  for θ ∈. □

For a trigonometric polynomial T a j b jj j
j

n

( ) ( cos sin )θ θ θ= +
=
∑

0

 of degree n with real coefficients a bj j, ∈, we 

denote T
d T
d

k
k

k
( )( ) ( )θ

θ
θ= . Using Theorem 4.1, we show the following lemma.

Lemma 3.2. Let T(θ) be a trigonometric polynomial of degree n with real coefficients and max | ( )|
[ , ]θ π

θ
∈

≤
0 2

1T . If there 

exists a natural number k0 ∈ such that

1 1
1

0

0

0

0

2

1
1

2

n
T

n
T

k
k

k
k( ) ( )( ) ( ) ,θ θ θ








+ 







≤ ∈+
+   for all 

then

1 1
1

0

0

0

0
1

1
2 2

n
T

n
T

k
k

k
k

−
−








+ 







≤ ∈( ) ( )( ) ( ) .θ θ θ  for all 

Proof. By Theorem 3.1, we have the estimate

 
1

1
n

T
k

k( )( )θ ≤  (3.9)

for all k ∈ and all θ ∈. We set F
n

T
n

T
k

k
k

k( ) ( ) ( )( ) ( )θ θ θ= 







+ 





−

−1 1
0

0

0

0
1

1
2 2

. Then,

 ′ = +





−

− +F T
n

T
n

Tk
k

k
k

k( ) ( ) ( ) ( ) .( )
( )

( ) ( )θ θ θ θ2
1 1

0

0

0

0

0
2 1

1
2

1  (3.10)

We assume that F( )θ0  is the maximum value of F on the closed interval [0,2π]. Then ′ =T ( )θ0 0. It follows from 
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this and (3.10), that we consider the following two cases.
1. In case that T k( )( )0

0 0θ = .

    Since 
1

1
0

0
1

1
0n

T
k

k
−

− ≤| ( )|( ) θ  from (3.9), we have

F
n

T
n

T

n
T

k
k

k
k

k

( ) ( ) ( )( ) ( )θ θ θ≤ 







+ 







≤

−
−

−

1 1

1

0

0

0

0

0

1
1

0

2

0

2

1
(( )( ) .k0 1

0

2

1−







≤ ∈θ θ for all 

2. In case that T
n

Tk k( ) ( )( ) ( )0 01
0 2

1
0

1− += −θ θ .

F
n

T
n

T

n
T

k
k

k
k

k

( ) ( ) ( )( ) ( )θ θ θ≤ 







+ 







≤

−
−

+

1 1

1

0

0

0

0

0

1
1

0

2

0

2

1
(( ) ( )( ) ( ) .k

k
k

n
T0

0

01
0

2

0

21
1+








+ 







≤ ∈θ θ θ for all 

This completes the proof.  □
Now we give an alternative proof of the Szegö inequality for a trigonometric polynomial.

Theorem 3.3. Let T a j b jj j
j

n

( ) ( cos sin )θ θ θ= +
=
∑

0

 be a trigonometric polynomial of degree n with real coefficients 

a bj j, ∈. If max | ( )|
[ , ]θ π

θ
∈

≤
0 2

1T , then

 T
n

T( ) ( ) .θ θ θ{ } + ′







≤ ∈2
21

1   for all   (3.11)

Proof. We can calculate the derivative of T:

 

1 1
2 21n

T
n

j a j
k

b j
k

k
k

k
k

j

n

j j
( )( ) cos sinθ θ π θ π

= +





+ +








=
∑







= 





+





+ +







=

−

∑ j
n

a j
k

b j
kk

j

n

j j
1

1

2 2
cos sinθ π θ π








+ +





+ +





a n
k

b n
k

n ncos sin ,θ π θ π
2 2

 

(3.12)

1 1
21

1
1

1

1

n
T

j
n

a j
k

b
k

k
k

j

n

j j+
+

+

=

−

= 





+
+





+∑( )( ) cos
( )

sθ θ π
iin

( )

sin cos

j
k

a n
k

b n
k

n n

θ π

θ π θ π

+
+













− +





+ +


1
2

2 2



.

Since 
j
n

< 1 for j n= … −1 1, , , for arbitrary ε > 0, there exists a natural number k0 ∈ such that

 j
n

a b k k
k

j

n

j j






+ < >
=

−

∑
1

1

0(| | | |) .ε  for  (3.13)

So we have

 j
n

a j
k

b j
kk

j

n

j j






+





+ +













<
=

−

∑
1

1

2 2
cos sinθ π θ π εε  (3.14)

and

j
n

a j
k

b j
kk

j

n

j j






+
+





+ +
+


+

=

−

∑
1

1

1 1
2

1
2

cos
( )

sin
( )θ π θ π 










< ε.

Therefore
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1
2 2

1
1

n
T a n

k
b n

k

n
T

k
k

n n

k
k

( )

(

( ) cos sin ,θ ε θ π θ π
< + +





+ +





+
+11

2 2
)( ) sin cosθ ε θ π θ π

< + +





− +





a n
k

b n
k

n n

By Theorem 3.1, we have for all k ∈ and all θ ∈

 1
1

n
T

k
k( )( ) .θ ≤  (3.15)

From (3.12), we have

a n
k

b n
k

n
T

j
n

n n

k
k

k

j

cos sin

( )( )

θ π θ π

θ

+





+ +





= − 



=

2 2

1

11

1

2 2

n

j ja j
k

b j
k−

∑ +





+ +













cos sin .θ π θ π

It follows from (3.14) and (3.15) that

a n
k

b n
k

n ncos sin ( )θ π θ π ε θ+





+ +





< + ∈
2 2

1 

Then we have

 a bn n
2 2 1+ < + ε.  (3.16)

Hence, from (3.13) and (3.16),
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1
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2
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T
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k

k
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


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

+ 






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




+
+

 + +

















+ + +





−
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k
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k

b n

n

n n

sin

sin cos

θ π

ε θ π

2

2

2

θθ π

ε ε θ π

+

















= + + + +



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+

k
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k

bn n n n

2

2 2
2

2

2 2 2 cos ssin

sin cos

n
k

a n
k

b n
k

n n

θ π

ε θ π θ π

ε

+





+ +





− +





<

2

2
2 2

2 2 ++ + + + = + +( ) ( ) .1 4 1 1 6 72 2ε ε ε ε ε

Letting ε tend to 0, we obtain

1 1
1

2

1
1

2

n
T

n
T

k
k

k
k( ) ( )( ) ( )θ θ








+ 







≤+
+

for k k≥ 0 and all θ ∈.
Applying Lemma 3.2 inductively, we have (3.11). This completes the proof.

□

4 Applications of the inequalities

Let P : →  be a polynomial of degree ≤ n  on the complex plane  and ′P  be the derivative of P. We set 
|| || sup | ( )|

| |
P P z

z
=

≤1
 and || || sup | ( )|

| |
′ = ′

≤
P P z

z 1
. Then we show the following inequality called the Bernstein inequality for 

a polynomial (cf. [1]).
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Theorem 4.1. For a polynomial P : →  of degree n with complex coefficients, the following estimate holds:

|| || || || .′ ≤P n P

Proof. We set T P ei( ) ( )θ θ= . Then, since ′ = ′T P e iei i( ) ( )θ θ θ , we have | ( )| | ( )|′ = ′T P eiθ θ . By Theorem 3.1,

|| || sup | ( )| sup | ( )| max |
| | [ , ] [ , ]

′ = ′ = ′ = ′
= ∈ ∈

P P z P e T
z

i

1 0 2 0 2θ π

θ

θ π
(( )| max | ( )| || || .

[ , ]
θ θ

θ π
≤ =

∈ 0 2
n T n P

□
Let H be a Hilbert space with the inner product 〈 〉·,· . We set B x H x x xH H= ∈ = 〈 〉 ≤{ ; , } 

1
2 1 . Let X be a normed 

space with the norm || ||⋅ X , p̌ H Xn: →  be a continuous n-linear mapping and ˇp x p x x x( ) ( , , , )=   be the corresponding 
homogeneous polynomial of degree n for n ∈. We define by

ˇ ˇ
� � � �
� � � � � �
p p x x B

p p x x x B j n
X H

n X j H

= ∈

= ∈ =

sup{ ( ) ; },

sup{ ( , , ) ; , , , }1 1 ..

Let Dp(x) denote the Fréchet derivative of p at x. Then

Dp x y
d
dt

p x ty
t

( ) ( )= +
=0

for y H∈ { }0 . In fact, p x ty x ty x ty x x tn x x y t p xp p p j

j

n

( ) ( , , ) ( , , ) ( , , , ) ( , ,+ = + + = … + … + …
=
∑�

2

xx y y
n j j−

…
��� ���

, , )ˇ ˇ ˇ ˇ . Hence

 ˇDp x y np x x y( ) ( , , , ).= …  (4.17)

We denote by ( ; )n H X  the space of all homogeneous polynomial of degree n. When X = , we write ( )n H  
in place of ( ; )n H X .

Proposition 4.2. Let H be a complex Hilbert space and X be a complex normed space. For p H Xn∈( ; ),

|| || || || .Dp n p≤

Proof. We put

σ =
〈 〉 =

〈 〉
〈 〉

〈 〉 ≠







1 0

0

if

if

 

 

x y
x y
x y

x y

, ,
,

| , |
,

for x y H, ∈ . Since

 

 

x i y x i y x i y

x
H

H

cos sin cos sin , cos sin

max{ ,

θ σ θ θ σ θ θ σ θ+ = 〈 + + 〉

≤

2

2
 y H

2 }

for x y BH, ∈ , we have x i y BHcos sinθ σ θ+ ∈ . Then

x i y x
k

i y
k

k

k

k
k

k

kcos sin
( )
( )!

( )
( )!

θ σ θ θ σ θ+ =
−

+
−

+=

∞

=

∞
+∑ ∑1

2
1

2 10

2

0

2 11

2

= + +
≥
∑x i y ak
k

kσ θ θ ,

where ak are some complex numbers.
We take a linear functional ϕ : X →  with || ||ϕ = 1 and put T p x i yn( ) ( cos sin )θ ϕ θ σ θ= + . Then Tn( )θ  is a 

trigonometric polynomial of degree n with complex coefficients and

ˇ

ˇ ˇ

T p x i y a

p x i y a x i y a

n k
k

k

k
k

k
k

( ) ( )

( , ,

θ ϕ σ θ θ

ϕ σ θ θ σ θ

= + +

= + + + +
≥

≥

∑

∑

�

� �
2

2 kk

k

k
k

kp x x n p x x i y b
≥

≥

∑

∑= + +
2

2

θ

ϕ θϕ σ θ

)

( , , ) ( , , , ) ,� � � �
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where bk are some complex numbers. Hence

 ′ = =
=

T
d
d
T i n p x x yn n( ) ( ) ( , , , ).0

0θ
θ σ ϕ

θ
� �ˇ  (4.18)

By Theorem 3.1, (4.17) and (4.18),

| ( ) | | ( , , , )| | ( )| max | ( )|
[ , ]

ϕ ϕ θ
θ π

Dp x y n p x x y T n T nn n( ) = = ′ ≤ ≤
∈

� � 0
0 2

�� �p .ˇ

By the Hahn-Banach theorem, we can choose ϕ satisfying ϕ Dp x y Dp x y X( ) || ( ) ||( ) = . Therefore

 
   Dp x y n pX( ) ≤  (4.19)

for x y BH, ∈ . □

For p Hn∈( ), we set c n H M p M p p Hn( , ) inf{ ; ( )}= ≤ ∈    for all ˇ . This c(n, H) is called the nth polarization 
constant of the Hilbert space H and c H c n H

n
n( ) lim sup ( , )=

→∞

1

 is called the polarization constant of the space H. It is 
clear that c n H( , ) ≥ 1, since ˇ

   p p≤ .
Using Proposition 4.2, we have the Bernstein inequality for a polynomial and the polarization constant of the 

complex Hilbert space H

Theorem 4.3. Let H be a complex Hilbert space and X be a complex normed space. For p H Xn∈( ; ),

ˇ
   p p= .

Proof. As in the proof of Proposition 4.2, it follows from (4.7) and (4.19) that

� � � � �p x x y pn X( , , , ) ≤ˇ

for x y Bn H, ∈ . We fix yn and put ˇp x x x ypn n− =1( ) ( , , , ) . Then we can look upon p xn−1( ) as homogeneous polynomial 
of degree ( )n − 1  and

ˇ� � � � � � �p p x x y x B pn n n X H− −= ∈ ≤1 1sup{ ( , , , ) ; } .

As in the above, we get ˇ� � � � �p x x y y pn n X n( , , , , )− −≤1 1 . It follows from the above analogue by induction that we have

ˇ� � � � �p x y y y pn n X( , , , , ) .2 1− ≤

Hence

ˇ
   p p≤

□
Corollary 4.4. If H is a complex Hilbert space, then c(n, H) = c(H) = 1.

Using the Szegö inequality for trigonometric polynomials with real coefficients, we obtain we have the Bern-
stein inequality for a polynomial and the polarization constant of the real Hilbert space H

Proposition 4.5. Let H be a real Hilbert space and X be a real normed space. For p H Xn∈( ; ),

   Dp n p≤ .

Proof. We may assume that  p = 1 without loss of generality.

We put w
y x x y

y x x y H

=
− 〈 〉

− 〈 〉
,

, 

 for x y BH, ∈ , x y≠ . Then  x w Hcos sinθ θ+ ≤2 1. We take a linear functional 

ϕ : X →  with  ϕ = 1 and put T p x wn( ) ( cos sin )θ ϕ θ θ= + . Then T p xn( ) ( )0 = ϕ  .
As in the proof of Proposition 4.2, ′ = ( )T Dp x wn( ) ( )0 ϕ . From (4.17),
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ϕ ϕDp x x n p x nTn( ) ( ) ( ).( ) = = 0

Therefore, by Theorem 3.3,

ϕ ϕ

ϕ

Dp x y Dp x x x y w y x x y

x y Dp x x y
H( ) ( ) , ,

, ( )

( ) = 〈 〉 + − 〈 〉( )( )
= 〈 〉 ( )+ −

 

 xx x y Dp x w

x y nT y x x y T

x y y

H

n H n

〈 〉 ( )
= 〈 〉 + − 〈 〉 ′

≤ 〈 〉 +

, ( )

, ( ) , ( )

,



 



ϕ
0 0

2 −− 〈 〉 + ′
≤

x x y n T T

n
H n n, ( ) ( )

.



2 2 2 20 0

By the Hahn-Banach theorem, we can choose ϕ  satisfying ϕ Dp x y Dp x y X( ) ( )( ) =   . Therefore    Dp x y n pX( ) ≤  
for x y BH, ∈ . □

Theorem 4.6. Let H be a real Hilbert space and X be a real normed space. For p H Xn∈( ; ),

ˇ
   p p= .

Proof. As in the proof of Theorem 4.3, using inductively Proposition 4.5, we show this theorem. □

Corollary 4.7. If H is a real Hilbert space, then c n H c H( , ) ( ) .= = 1
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