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Distortion theorems on the unit ball of a JB*-triple

TATSUHIRO HONDA*
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Abstract

Let B be the open unit ball of a JB*-triple. We prove distortion results for normal-
ized convex mappings f : B — X which generalize various finite dimensional distortion
theorems and improve some infinite dimensional ones.
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1 Introduction

We first recall the distortion theorem for a convex function on the open unit disc U in the
complex plane C. Let U = {2 € C;|z| < 1} be the unit disc in C. If f : U — C is a

normalized convex holomorphic function, then

1 1

e = VOl g

for x € U. Various distortion theorems for univalent functions have been studied. In this
paper, we generalize the distortion theorems for convex mappings on finite dimensional
Euclidean balls to infinite dimension, as well as improving some infinite dimensional results.

From the perspective of the Riemann Mapping Theorem, an appropriate generalization
of the open unit disc in the complex plane C would be the open unit ball B of a complex
Banach space such that B is homogeneous. Indeed, it has been shown in [15] that every
bounded symmetric domain in a complex Banach space is biholomorphically equivalent to
such a ball. A complex Banach space is a JB*-triple if, and only if, its open unit ball is
homogeneous. Therefore a natural extension of the finite dimensional distortion theorems

should be the ones for convex mappings on the open unit ball of a JB*-triple.
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2 Preliminaries

Throughout all Banach spaces are complex. Let X and Y be Banach spaces with domains
G C X and D C Y. We denote by H(G, D) the set of holomorphic mappings from G into D.
For f € H(G, D) and = € G, let Df(x) be the Fréchet derivative of f at . A mapping f €
H(G, X) is called normalized if f(0) = 0 and the derivative D f(0) : X — X is the identity
map. A mapping f € H(G,Y) is said to be biholomorphic if f(G) is a domain, the inverse
! exists on f(G) and is holomorphic on f(G). A biholomorphic mapping f € H(G,Y) is
called convex if the image f(G) is convex in Y. Let Aut(G) be the automorphism group of
biholomorphic mappings of G onto itself. A domain G is called homogeneous if for any x,
y € G, there exists an f € Aut(G) such that f(z) = y. A complex Banach space X is called
a JB*triple if there exists a triple product {-,-,-} : X* — X which is conjugate linear in the

middle variable, but linear and symmetric in the other variables, and satisfies
(1) {a,b,{z,y, 2}} = {a, b, 2}y, 2} — {2, {b,a,y}, 2} + {z,y.{a,b,2}};

(ii) the map ala : 2 € X — {a,a,x} € X is hermitian with nonnegative spectrum;

(iii) [[{a, a, a}|| = [|a]l®

for a,b,z,y, z € X. Every bounded symmetric domain in a complex Banach space is homo-
geneous. Conversely, the open unit ball B of a Banach space admits a symmetry s(x) = —x
at 0 and if B is homogeneous, then B is a symmetric domain. Banach spaces with a homo-
geneous open unit ball are precisely the JB*-triples [15]. A closed subspace of a JB*-triple
is called a subtriple if it is closed with respect to the triple product. A JB*-triple is called
a JC*triple or J*algebra if it can be embedded as a subtriple of the JB*-triple L(H) of

bounded linear operators on a Hilbert space H, with the usual triple product

1
{op,2) = 5oy z +2') (.2 € L(H)

where y* denotes the adjoint of y. We refer to [3, 21] for relevant details of JB*-triples and
references.

Besides the box operator alJa, a fundamental operator on a JB*-triple X is the Bergmann
operator B(a,b) : X — X defined by

B(a,b)(z) = x — 2{a,b,x} 4+ {a, {b,z, b}, a} (x € X).

On the open unit ball B of a JB*-triple, each point a € B induces the Mobius transformation
Ja € Aut(B) given by

Ga(z) = a+ B(a,a)Y?*(I + 2z0a) z (x € X),
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where za is the box operator (z0a)(y) = {x,a,y}. We have ¢,(0) = a, g, ' = g_, and
Dg.(0) = B(a,a)"?, Dg_4(a) = B(a,a) /2.

Sharp estimates for distortion theorems depend on precise values of the norms of positive
and negative square roots of the Bergmann operator B(a, a). Indeed, on the one-dimensional
JB*-triple C, we have the exact values from B(a,a)'/?(z) = (1 — |a|?)z for z € C. In any
dimension, we have

(2.1) |B(a,a) 2] = —

1 — lal?
from [16, Corollary 3.6]. We remark that each g € Aut(B) is a composite of a Mobius
transformation and a linear isometry, by Cartan’s uniqueness theorem, hence it is true that
1 1

(2.2) 1[Dg(0)] || = = Ja?
whenever g € Aut(B) satisfies g(0) = a (see also [10]).

Although 1 — [|a||? < ||B(a,a)'/?|| < 1, the upper bound 1 here can be improved to one
in terms of numerical values associated to a, for JC*-triples.

If X is a JC*-triple contained in some L(H), then the Bergmann operator has the form
B(a,a)"?(z) = (1 — aa*)"?z(1 — a*a)'/? (x € L(H))
(cf. [13, Theorem 2]), where 1 denotes the identity operator in L(H). Hence we have
(23) [IB(a,a)”?|| < [I(1 —aa*) (1 = a*a)'?|| = |1 — aa”[|/?||1 — a*al|? < 1.

For any JB*-triple X with a,z € X, the JB*-subtriple X (a, c) in X generated by a and x is
a JC*-triple, and the Bergmann operator B(a,a) on X restricts to the Bergmann operator

B(a,a)x(ae) : X(a,c) = X(a,c) on X(a,c). This implies that B(a,a)'/*(z) = B(a, a)}/?w) (x)

and
1/2 1/2
1B(a,a)"(2)|| = | B(a,a){{, o (@) < |1 B(a,a) {5 o Izl < [l2]l.

One can compute the norm ||1 — aa*|| via the Hilbert space H. For each a € X C L(H),

we define

a(a) = inf{[lag]| - £ € H, [[§] = 1} and 5(a) = inf{[la*¢]| - £ € H, [[§]] = 1}

LEMMA 2.1 Let B be the open unit ball of a JC*-triple X C L(H) and let a € B. We have
1B(a,a)'?|* < (1 - a(a)?)(1 - B(a)?).
Proof: This follows from (2.3) and ||(1 — aa*)"?||> = sup (1 — aa*)&, &) = 1 — B(a)? as well

lgl=1
as ||(1 —a*a)?|? =1 — a(a)?
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Remark 2.2 In the above lemma, if X is a C*-algebra with identity, then one can obtain an

estimate of the upper bound independent of the underlying complex Hilbert space H:
|B(a,a)?|* < (1 —inf o(aa*))(1 — inf o(a*a)),

where o(aa*) and o(a*a) denote respectively the spectrum of aa* and of a*a.

Indeed, this can be seen easily from functional calculus, since the C*-subalgebra of X
generated by aa® and the identity 1 is C*-isomorphic to the abelian C*-algebra C'(o(aa*)) of
complex continuous functions on the spectrum o(aa*) C [0, 00), with aa* identifies with the
nonnegative function id : o(aa*) — o(aa*). Hence |1 — aa*|| = 1 — inf o(aa*) and likewise

|1 — a*a|| =1 —inf o(a*a).

We now consider the open unit ball of a complex Hilbert space. A complex Hilbert space H
with inner product (-, ) is a JB*-triple in the triple product {z,y, 2} = ({(z,y)z + (z,y)x) /2
(cf. [1]). The Bergmann operator B(a,a) : H — H is a positive operator for |jal| < 1.

LEMMA 2.3 Let B be the open unit ball of a complex Hilbert space H and let a € B. Then

we have
(1—1al|*)? if dimH =1

Ba,a1/22: Ba,a =
IB(a,a)" | = | Bla,a) {1—||a||2 if dim > 2

Proof: For each z € H, we have
B(a,a)(z) =z 2{&,@, Z} + {a7 {avz7a}>a} = (1 - HGH2)(Z - <Z,CL>CL>,
where

|z —(z,a)a|)®* = {(z—{(z,a)a, z— (z,a)a)
= |2l* = 2{z a)]* + |z, a)*[lal|”
= [l = Kz @) (2 = llal*) < [|2]1*.
It follows that ||B(a,a)(2)]] < (1 — |la||®)]z||-
If H = C, we have actually the equality |B(a,a)(z)| = (1 — |al?)?|z|.

If dim H > 2, we can pick a unit vector zy € H orthogonal to a and therefore,
1B(a,a)|| > [|B(a,a)zoll = [I(1 = [lal|*)z0ll = 1 — [|a|?

which proves that ||B(a,a)|] =1 — ||a|*. u
Let U be the open unit disc in C and G a domain in a Banach space X. For each

(z,€) € G x X, the infinitesimal Carathéodory pseudometric yg(z,§) on G is defined by,

v6(x,€) = sup{|Dh(x)¢| : h € H(G,U), h(x) = 0},
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Each ¢ € Aut(G) is an isometry in this pseudometric:

va(z, &) = va(p(z), Do(z)€)

and for the open unit ball B in a Banach space X, one has v5(0,&) = ||£||. We note that ~y
is the Poincaré metric on U (cf. [4, p.54]).

We will make use of the following distortion theorem in [12, Remark 4] (see also [22,
Theorem 2.1]).

LEMMA 2.4 Let B be the open unit ball in a Banach space X and let f : B — X be a

normalized convexr mapping on B. Then we have

1 — [l=]
T+ (o]

1+ [l

(2.4) ol < Topee )

v8(2,y) < | Df(2)y

for each x € B and y € X.

3 Distortion theorems

We achieve such an extension by proving the following distortion results.

THEOREM 3.1 Let B be the open unit ball of a JB*-triple X. Given a normalized convex

mapping f: B — X with deriwative D f, we have, for a,b,x € B and y € X,

, 1 I
(i) RENTIE <|[[Df(x)] < A=z
el Wl
W) T 2B, o7y < 127 @l < T e

o 2 sinh C(a, b) e 1— HaH2 1— ||b||2 .
(i) fi7a) = 7Ol = S e e ) {II[Df(a)]‘lH’ Do) }
(iv) |If(a) — f(b)|| < sinh Cg(a,b)exp Cp(a,b)

x min {[|B(a, @) ?|[|Df (@)ll, | B(b,0) [ IDF O},

where Cg is the Carathéodory distance on B, B(x,x) : X — X is the Bergmann operator
and ||B(x,z)"/?| < 1.

We refer to [6, 8] for reference and motivation for distortion results in higher dimensions.
For the open unit disc U in C, the distortion theorem in Theorem 3.1 (i) for convex functions
on U is well known. This result has been extended to the Euclidean balls in C™ by Gong and
Liu [7], Pfaltzgraff and Suffridge [20]. It has been further generalized to the open unit balls
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of complex Hilbert spaces by Hamada and Kohr [11, 12]. In [11], it is proved that the upper
bound in Theorem 3.1 (i) is sharp for the open unit balls of complex Hilbert spaces although
the lower bound is not sharp for the Euclidean balls of dimension at least 2 (cf.[19]). Zhu
and Liu [22] have obtained the following distortion theorem for convex mappings f on the
open unit balls of complex Banach spaces:
14 ||x
T < 1P <

They [22, Conjecture 2.2] conjectured that Theorem 3.1 (i) holds for convex mappings on
the open unit balls of complex Banach spaces. Our theorem is an affirmative answer to this
conjecture for convex mappings on the open unit ball of a JB*-triple.

It has been proved in [22] the following distortion theorem for convex mappings on the

open unit balls of complex Hilbert spaces:

(14 []})? (1= [l=()*"
This result is generalized in Theorem 3.1 (ii) to the open unit ball of a JB*-triple. In fact, we
show that ||B(z,z)"?|| = \/1 — ||z||* for complex Hilbert spaces of dimension greater than
1.

The two-point distortion in Theorem 3.1 (iii) for the open unit disc in C has been proved
n [17]. On finite dimensional Euclidean balls, it has been proved by Kohr [18] (cf. [6]) for
convex mappings and it has also been proved by Graham, Kohr and Pfaltzgraff [9] for a
linear invariant family of biholomorphic mappings (of particular finite norm order)(cf. [5],
[8]). In fact, both (iii) and (iv) in Theorem 3.1 also hold for non-normalized convex mappings.
On the other hand, a locally biholomorphic mapping f : B — X satisfying (iii) must be
biholomorphic.

Now we show Theorem 3.1(i). The lower bound there has already been obtained in [22].
The following lemma will establish the upper bound in Theorem 3.1 (i) as well as the right
inequality in Theorem 3.1(ii).

LEMMA 3.2 Let B be the open unit ball of a JB*-triple X and let f : B — X be a normalized
convex mapping. Then we have
[yl
IDf(@)yll < m—7 5  (@eByeX)
(1= fl=])?
Proof: Let € B. Then the Mébius transformation g_, € Aut(B) satisfies g_,(z) = 0. Let
y € X. From (2.1) and (2.4), we deduce that

1+ [l

_ 1l
IDf(2)yll = 17— HvaB(ﬂc,y)

I E|

'VB(Ov Dg—z(x)y)
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1+ [l

i e oyl

(1= fl=])*

We prove likewise the left inequality in Theorem 3.1 (ii).

LEMMA 3.3 Let B be the unit ball of a JB*-triple X and let f : B — X be a normalized
convex mapping. Then for (x,y) € B x X, we have

(1= [lzDyl
L+ =Dl Bz, 2)']

Proof: Let x € B and y € X. Applying the Mobius transformation g_, € Aut(B) and (2.4)

again, we get

E IDf(2)yll-

1 — |z 1 — ||z 1 — ||z
vp(x,y) = v8(0, Dg_o(z)(y)) =
1+ [zl 14 ||| 1+ [z

where ||y|| = || B(z,2)"/?Dg—o(x) ()| < [|1B(z,2)"2||[| Dg—a(2) ()|l gives

(1 — l[z[DIly
L+ =D B, )2

IDf(x)yll =

1Dg—(2) ()]l

IDf(@)yll =

If B is the open unit ball of a JC*-triple, we observe from the above and Lemma 2.1 that

(1= [lzDIyl
L+ 21 = a(2)?/1 = B(

and if B is the open unit ball of a complex Hilbert space, Lemma 2.3 implies that

(L= f=Dlgll IDf()yl|

(1 + [lz[)v/1 =[]

which is identical to the lower estimate in (3.5) (cf. [11] and [12, Theorem 8§]).

— < IDfy

Finally, we prove the two-point distortions in Theorem 3.1 (iii) and (iv). Given a nor-
malized convex mapping f : B — X on the open unit ball B of a Banach space X, we have

the following growth theorem from [11, Theorem 2.1]:

(3.6) T < M@l <

= [l
For a,b € B, the Carathéodory distance Cg(a, b) is defined by
Cp(a,b) = sup{p(g(a), g(b)) : g € H(B,U)}

where p is the Poincaré distance on the open unit disc U and we have, for z € B,

1 L+ |2l
_— .
CB(z7O) 2 0og (1 _ ||ZH
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Note that Cp is invariant under the automorphism group Aut(B).
Using the estimates (3.6) and arguments similar to those in the proof of [9, Theorem 7],

we obtain the following result.

LEMMA 3.4 Let B be the open unit ball of a JB*-triple and let f : B — X be a convex
mapping. Then for a,b € B, we have

sinh OB(CL, b) 1—=1 —11-1
1f(a) = f(O)]| = WmaX{H[Df(a)D%(O)] 17 1D (0) D (0)] [}
and

1f(a) = f(0)]| < sinh Cp(a, blexp Cp(a, b) min{[| D f(a) Da(0)]], | Df (b) Dy (0)]]},
where ¢q, ¢p € Aut(B) satisfy ¢,(0) = a and ¢»(0) = b.

Proof: The first estimate can be obtained by the same arguments as in the proof of [9,
Theorem 7]. To prove the upper bound for || f(a) — f(b)]], fix a,b € B and define F': B — X
by

F(z) = [Dga(0)] ' [Df(a)] " (f(¢a(2)) — f(a)) (x € B).

Then F'is a normalized convex mapping on B. In view of (3.6), we have

| F(x)] < #‘LH = sinh Cg(z,0) exp Cp(x,0)

for all z € B. It follows that, for z = ¢, '(b),
1£(b) = f(a)l| = [[Df(a)Dga(0) F(2)[| < [|Df(a)Dea(0)] - [[F(2)]]
< |IDf(a)Dg4(0)|| - sinh Cp(z,0) exp Cp(x,0)
= [|[Df(a)D@,(0)] - sinh Cg(a,b) exp Cg(a,b).

Changing the roles of a and b, one deduces the desired result.

In the above lemma, by (2.2), we have

IDf@ (DB
T [af? e

which yields readily Theorem 3.1 (iii). We remark that the two-point distortion theorem in

I[Df(a)Da(0)] 7| < I[Df(5)Dgu(0)] || <

[17, Remark] for the open unit disc U in C is a special case of the above result.

Also, since
IDf(a)Da(0)]| < IDf (@) B(a,a)?|| and [ Df(b)Dy(0)]| < [[DfO)1B(b, b)),

we obtain Theorem 3.1 (iv), where || B(z,z)"?|| = /1 — ||z||? for £ = a,b in the open unit

ball of a complex Hilbert space of dimension at least 2.
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